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Optimal vs the Stiffened Circular Plate

GEORGE J. SIMITSES*
Georgia Institute of Technology, Atlanta, Ga.

The simply supported circular plate has been optimized by other investigators for both uniform pressure and
uniform compression. The objective of the optimization in both cases is to improve the load carrying capability of
the plate by finding the proper distribution of material. In the present paper the author presents a comparison
between the “optimal plate” and a stiffened plate for both load cases. Closed form solutions are given for the
stiffened plate by using the following special geometry: a) the stiffeners are one-sided and with constant eccentricity
and b) the smeared extensional and flexual stiffnesses are the same along both the radial and circumferential
directions and constant. The comparison shows that this particular stiffened plate geometry has better load carrying
capability than the corresponding optimal plate geometry of the same volume and radius.

Nomenclature
A, A, = stiffener cross-sectional area
D = flexural stiffness of the plate [ ER*/12(1—p?)]
DS, DS = flexural stiffness of the stiffeners
E = Young’s Modulus for the plate
E_E, = Young’s Modulus for the stiffeners
’ = plate extensional stiffness
ES ES = stiffener extensional stiffness
e, € = stiffener eccentricity
G = shear modulus for the plate
h = plate thickness
I o Toes = second moment of stiffner cross-sectional area
L.l = stiffener spacing
M, Mgy, M, = moment resultants
N,,, Ngg. N,g = stress resultants
= applied stress resultant (uniform compression)
9 = applied uniform pressure
r,0 = polar coordinates
R = radius of circular plate
Fy = stiffness ratio (Wy/Wgy)

Uy, ty, W = reference surface displacement components
14 = volume of plate material
v = volume per radian of plate material
R
w = average displacement <= %J wrdr)
0
o = E/12(1~u?)
€100 €000 Vit = reference surface strains
K, KooK,y = reference surface changes in curvature and torsion
A = ratio of extensional stiffnesses, stiffener to plate
u = Poisson’s ratio
P = ratio of flexural stiffnesses, stiffener to plate
o = N/D[1+ po + 12(/1+ ) (e/h)*]
v = stress function
OoPT = optimal geometry
ST = stiffened geometry
U = uniform thickness geometry

1. Introduction

HE constant demand for light weight efficient structural
systems, especially in the aerospace industry, has lead many
investigators to the field of structural optimization. A large
number of these investigators including the author have taken
the micro approach and dealt with the optimization of basic
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structural elements such as columns, beams, and plates. A survey
paper by Sheu and Prager? presents a wealth of references dealing
with beams and columns, and a limited number dealing with
plates. A recent paper by the present author? and his collabor-
ators shows that the optimization of the column has been
successfully accomplished. Similarly, the beam problem has
received wide attention but with lesser success.

In any structural optimization problem one must clearly
specify a) the design objective and b) the geometric and behavioral
constraints. In structural elements which are subject to instability,
e.g., the design objective could be the maximization of the
buckling load. For this same problem the geometric constraints
are specified volume and length or physical dimensions, and the
behavioral constraint is that the stress should not exceed a
specified value.

In accordance with this objective and constraints, Frauenthal®
reported solutions to the following problem. Given a thin circular
flat plate of specified volume and radius, loaded by uniform radial
thrust, distribute the material (thickness) in such a way as to
maximize the buckling load, subject to the constraint that the
maximum allowable prebuckling stress remains smaller than a
prescribed value. Among the important results of this investiga-
tion is that the buckling load for a simply supported solid cross-
sectional geometry, under the assumption of axisymmetric
behavior and without any constraint on the prebuckling stress,
is increased by 499, when compared to a uniform thickness plate
of the same volume and radius.

The simply supported circular plate has also been optimized
for a uniform transverse load. Huang* reports the solution to the
following particular problem. Given a thin circular plate of
specified volume and radius, simply supported around the
circumference and subjected to a uniform transverse loading of
given magnitude, distribute the material (thickness) in such a way
as to minimize the average deflection. Another way of stating and
accomplishing the same objective is to maximize the load per
unit deflection. With this objective in mind and without any
behavioral constraints he shows that the load carrying capability
of the optimal circular plate is increased by 587, as compared
to a uniform thickness plate of the same volume and radius.

In both problems mentioned above the investigators resorted
to calculus of variations, in order to derive the field equations. In
this type of an approach (for details see Refs. 3 and 4) a functional
is introduced in accordance with the design objective and the
volume constraint (isoperimetric problem), and necessary con-
ditions (equilibrium, optimality condition, etc.) are arrived at,
which govern the behavior of the design objective. Because of
the mathematical tool employed the family of functions, from
which the solution is sought (admissible comparison functions),
has imposed limitations. In Ref 3, it is shown that the
admissible comparison functions are of class C!, ie., single-
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Fig. 1 The stiffened circular plate geometry and sign convection.

valued, continuous with continuous first derivatives. Similarly,
in Ref. 4, it is shown that the admissible comparison functions
are also of class C'. Now the question arises “Is it possible that
the true solution lies outside functions of class C'?” In other
words, if one does not limit the thickness distribution to be
governed by single-valuedness and continuity could one obtain
increases in the buckling load and in the transverse load higher
than those reported in Refs. 3 and 4?

This question motivated the author to compare critical loads
and transverse loads of a stiffened thin circular plate simply
supported around its circumference to those of a unfirom
thickness plate of the same volume and radius. The latter used
the same basis of comparison as in Ref. 4.

It should be pointed out at this point that a number of
authors®~7 have demonstrated that stiffened configurations have
better load carrying capability (for a number of load cases) when
compared to uniform thickness configuration. Some of these
authors have proceeded to optimize the stiffened geometry by
using a number of search techniques (mathematical program-
ing).®7

2. The Stiffened Circular Plate

The circular plate is simply supported along its circumference
and is stiffened in both the circumferential and radial directions
such that a) the stiffeners are both one-sided, b) the stiffener
eccentricity is the same for all stiffeners and constant (note that
when the eccecntricity is zero the same amount of stiffening is
present on both sides of the plate for all stiffeners), and c) the
smeared extensional and flexural stiffnesses are the same along
both the radial and circumferential directions and constant. The
geometry and sign convention are given in Fig. 1.

First, the equilibrium equations are derived for the stiffened
circular plate loaded by both transverse loading g, and radial
thrust around the circumference. Then, when each load case is
considered separately the equations are properly modified.

In deriving the equations, the plate midsurface is used as a
reference surface and the von Karman kinematic relations are
employed. In addition, the needed relations between the stress
and moments resultants and the reference surface strains and
changes in curvature and torsion are obtained by employing the
“smearing” technique (see Baruch and Singer®). These relations
are )

Nrr (EP + ES) Srr +lu‘EP 886 + eEsK"
Ngo = HE" &, + (EF + ES)eyy+ eESky,
N, = Gh
) Vo 1)

M,, = (D+ D%+ e*ES)k,, + uDk o+ eE¢,,

Mgy = uDx,,+ (D + D5+ e?ES)icgy+eES g4y

M,, = D(1—p)x,,

where
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Ef =Eh/1—p®); ES=E,AJl; ES’=E,Al,
ES=ES=ES; D=Eh/120—y?); DS=E,L_/l, (2)

DS =Eyly Jly; DS=D5=D% e =¢=c¢
and E, E,, and E, denote the Young’s Moduli for the plate, radial,
and circumferential stiffeners, respectively; A4; and I, the
stiffener areas and second moment of the stiffener areas (CG
implies centroidal axes); J; the stiffener spacings; ¢;; and «;; the
reference surface strains and changes in curvature and torsion;
u the Poisson’s ratio for the plate material; and e; the stiffener

eccentricities.

The equilibrium equations in terms of the stress resultants
N,., M, and transverse displacement components w are given

below
Nrr+ TN"" + Nrﬂ,e— NHG =0
Ngg+rNy +2N,=0 3)

™M, +2M,, +2M, — Mg, +(1/r)(Myy,+2M,),+
Nogw ,+IN, W, +2N, oW ,o—
/PN, w o+ (1/)N oW oo = —go
where the comma denotes partial differentiation with respect to
the indices.

Uniform Pressure
Since the lateral loading is a uniform load of g, psi and the
geometry is axisymmetric it is safe to assume that the response
is also axisymmetric. For pure bending theory the linearized
compatibility equation is given by
(rsoﬁ),rr_grr,, = 0 ) (4)
Next, by introducing a stress function s such that the in-plane
equilibrium equations are identically satisfied, the compatibility
and third equilibrium equations form the field equations and
are given by
compatibility
V4 = [EF edpf(1+ 1)]V*w %)
equilibrium

Ef /[ 14+u el
1 23,5 Viw— — " Viw=q /D (6
[“’0” D<1+u+i>:| Y Basarn WP ©

where

A=ES/E" and p,= Dg/D Y

The associated boundary conditions for a simply supported
plate are

w=0; M, =0 tr=R 3
and either N, =0 or u,=0 ar= ®)

In the solution for this problem the weaker of the in-plane
boundary conditions is used since it leads to larger displacements,
and this will support further the conclusion that the stiffened plate
subjected to a uniform load g, has a smaller average deflection
than the corresponding optimal plate of the same volume and
radius and subjected to the same loading ¢, The boundary
conditions, Egs. (8), in terms of w and  are

w(R) = 0 a)
LB RBP4 )
[1+p0+e A—D'— D{(I-l-—l)z—_,uT}jI W,"(R)+
e A’EF
u [1 + ?[)(1—4-/1)5_—_#2_}} w, (R)/R +
eiu

Y. (R)=0 (b)

¥, (R)=0
The solution is accomplished by first eliminating  from the
equilibrium equation (6) through the use of the compatibility
equation (5). Then solving this equation for w one obtains a
solution in terms of two arbitrary constants (the other constants
are set equal to zero in order to satisfy finiteness at 4 = 0). Finally,
using this expression for w in the compatibility equation one

DI+ —47]
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solves for ¢ and a new additional constant is introduced. These
three constants are evaluated by using the boundary conditions,
Eqgs. (9). The final expressions for w and s are given by

q
= 67%{r‘*—2r2R2[3(1+po)+u+

e 3(1+y+/1)+/1,u /
12:(¢ q
h A+ DAarm | | TPTHET

(1+u) 4
o5 28] e
eN  S(1+ A+ w+ Au
<ﬁ> (1+1)(1+,1+u)]/[1+”°+”+

e 1+u
< ) 1+/1+,u}} (10)

Y= qOE el >
64D(1+/1)

H=p|14p+12(C) A (12)
= Po 1) 154

It is easily seen from Eq. (10) that if one sets p, = e=A41=0he
obtains the well-known expression for the isotropic case

_ GRS i, (13)
64D 14u

r’(r*~2R% (11

where

Uniform Compression

The solution to this problem has been reported by the present
author and Blackmon.’ For the weaker of the two in-plane
boundary conditions the characteristic equation is given by Eq.
(14) of Ref. 9. This equation is

e\? 2 A
12<Z> ; ilﬂJ ER)=0  (14)

where J, and J, are Bessel functions of the first kind of orders
zero and one, respectively, and

= (N/D) {1 +po+12 <%) 1—17] (15)

3. Comparisons with Uniform Geometries

In this section a comparison is given between the response
of the stiffened plate and that of a uniform thickness plate of the
same volume and radius, and material.

The volume of a uniform thickness plate is given by

*2n R
V= J J hyrdrdf = nR?h, (16)
0 0
through the introduction of a new volume parameter 7 (volume
per radian) one obtains
5= V/2n = R?hy 2 17
It is now possible to express the bending stiffness of the uniform
thickness plate D, in the following manner
Dy = Eh,?/12(1 —p?) = o 85°/R® (18)
where o = E/12(1— p?).
Similarly, the volume of the stiffened plate is equal to the sum
of the volume of the plate of thickness h and the volume of the
stiffeners, or

2z R 2z *R A A
=J Jhrdrd@-i—J‘ J(—B-F—')rdrdﬁ (19)
0 0 0 0 lo lr

If one assumes that the stiffener and the plate materials are the
same then

Agfly = Al = Ihf(1—p?) (20)
and
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7= V/2n = (R*h/2)[1+24/(1— u*] (1)

The bending stiffness of the plate in the stiffened geometry is
given by

D = a8%/R(1+24/1—p?)? (22)

Uniform Pressure
For comparison purposes a parameter r_ is introduced (same as
in Ref. 4) which denotes the ratio of the stiffness of the stiffened
plate to that of a uniform plate of the same volume, radius, and
material.
re = Wy/Wgyp (23)
where w,, and wg; denote the average deflection of the uniform
thickness and stiffened plates, respectively.
Since
2 R
W= —ZJ‘ wrdr (24)
R (1]
use of Egs. (10) and (13) in Eq. (23) yields
iy = (4o R*/64D) [§— A+ B] 23)
where

3(1+)+;4)+/u

e)z 1+u

124(%
ot A(h i+ n

} (26a)

and

S(L+ k)t i

u+m<f>2 “f“ ] " (26b)

h) 14+i+u
Wy, = 1.8712¢q, R*/64D, (27)
Finally by employing Eqs. (12) (for D), (18) (for Dy), and (23)
(for D) one may write (1 = 0.3)

1 wer (1+24/1—p2(1/3—A+B) 28)
v, oWy L8T12[1+py+ 12(e/h)*(A/1+ 4)]

The stiffness ratio is computed for three geometries and plotted
vs e/h in Fig. 2. The three geometries are 1) light stiffening

and
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Fig. 2 Stiffness ratio vs stiffener eccentricity.
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Fig.3 Ratio of critical loads (stiffened to uniform thickness geometries)
vs stiffener eccentricity.

A=0.1and p, = 5, 2) moderate stiffening A = 0.25 and p, = 50,
and 3) heavy stlffemng A=2 and p,= 500. Light stiffening
implies that most of the extensional stlﬁness is provided by the
plate, moderate stiffening implies that the extensional stiffness is
provided by both the plate and the stiffeners almost equally, and
heavy stiffening implies that most of the extensional stiffness is
provided by the stiffeners.

Uniform Compression

For this load case the ratio of N, to N, is computed for
the same three geometries and plotted vs e/h in Fig. 3. The
critical load for a simply supported uniform thickness circular

plate is given by the well-known expression
N, = 42D,/R? (29)

The expression for the simply supported stiffened circular
plate is given by

. R),2D 2
Ny = 2R D 1;2 [1+ 0+12<h> m] (30)

As before, through the use of Egs. (18) and (22), the ratio of
the critical loads is
Nogy _ (0R), [1+po + 12(e/h) (/1 + 2]

_C’ST — 31
N 42 [1+2i/1—-u?]? GD

cry

where (pR),, is the solution of Eq. (14) for each geometry.
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4. Conclusions

It is apparent from the graphically presented results (see Figs.
2 and 3) of this investigation that the stiffened plate chosen has
better response characteristics than the “optimal” plate. At this
point it should be noted that special care is needed in designing
these stiffened plates to make certain that there are no local
instabilities. For example, the skin between adjacent stiffeners
should not be allowed to wrinkle because this reduces the
extensional and flexural stiffness contributions of the plate. In
addition, the spacings and the geometry of the stiffeners should
be such that the stiffeners do not buckle locally.

Another important conclusion drawn from Figs. 2 and 3 is that
for a given radius and volume, if one uses the stiffened con-
figuration used in this paper, it is better to distribute the material
in such a way that the resulting configuration is one of moderate
stifferiing rather than either light or heavy stiffening. This
observation indicates there is an optimum stiffened configuration.

Finally, it is concluded that if true optimization is to be
accomplished one should consider the stiffened plate and make
extensive parametric studies in order to evaluate the effect of
certain parameters such as stiffener sizes and spacings on the
overall response of the plate.

This can be best accomplished through the use of good search
techniques in connection with this constrained optimization
problem (like those in Refs. 6 and 7).
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